ApPpLICATIONS

o Probablity estimation

Le‘c A Ee, an e\/e,ﬂt (Set of OUtC.OVYles o)ca fendom P\r)e nomenon)

of which we want t, estimate the Probalofh'l:y P(A).

Examples

+ A= [ theovtcome of Flipping a coin is hesd
+ A= {3 person who tested positive fo (OVID-13
15 asymptomat\'c,}
o A= | X®) =), where X(£) isthe state of &
stochastic Limed automsTlon st time €.

(onsider N independent observations of the random
P\neﬂomenon, and let NA be the number of bl'm€5
that A was observed. Then, an estimate of P(A)

can be computed as:

AN NA
P(A) = —
(A) N

The PmPerti'es of this estimatior can be studied with
the Law of Large Numbers,



Let W, be Ehe 4-th ovteome of khe vandom

P\nenomeno\n, and defime Ehe vondom vavisble:

1 if event A iooboerved m Wy

A

/_H.A(M,) =

)

Thdicatov function
of event A

0 otherwise

{ﬂ_A 1S 8 vandom variable such Ehat:

« E(4n])=0-[1-P)]+1-P(A) = P(A)

2 2
o Vor (4a)= [0 -PAY] [1-P(AY] + [1-P(A)] P(A)
- pea) [1-P] [Py +4- P
= P(A) [1-PA)]
=> Since E[44]=P(A), an eskimate of E[ 44]
is an estimate of P(A).

=> E[ZH.A] Can be est\‘W\étEXJ USMS Une, Law OF Lav‘se,

Numbers, and with the Eheove ticsl 3L/amnte¢5
t heveof .



Tn ths fespecl:, notice that:
N

Z :ﬂ.A(UUL)
A =1

/ N N

Avithmetic mean
of the dbservations 4, (wy)

HQV\CQ,, accoroln‘ns L'o Une, Law olc Larse, Nuw;be,(‘S,
Na

N

For the choice of N (whenever Ehis s possible),

52 unb{ased, mns{gtent Q"ptllmatt OF P(A)

Congnder Ehe Fonowms.

Assume that s desired accuracy A >0 of Ehe estimate
1S Siven. The Fr‘ob|em 's to choose N such that

A
| P(A) - P(AY) < A
For the Central Limt Theovem  we know that

/\ N —6;2_
P(AY ~ N(p, N )
where

. Iu]-‘- E[’.‘LA] = P(A)
. o= Vor (44) = P(AY [1-P(A)]

for N sufficiently large.



Hence,

P(| P(A) - P(A)] < %) ~ 0.93%3

/

If we accept that 3 Eimes
out of 1000 (ov average)
Lhe estimote differs from
Lhe true value move than

5% we can set

N

Gluy ey
A'_".— =D =
VN N AZ

From the tables

of Ehe Novma|
distribution:

iF Xa N(pe?),
P(IX-pl¢s)z0 6827
P(1X-pl¢25) = 0.8545

P(l x—ﬁlé 35) T 09373

(%)

The Prob)em wikh this Formola s that

6" = P(AY[1-P(A)] => It depends onthe quantity

we want o estimate.

However, if we PloE this function versus P(A),

we obsevve that

P(A) [1-P(AY] <0.25

Y- 0< P(A)

The maximum rs achieved for P(A)=0.5.



Var (i[A) A

025} -- - --

0 %> 1 P(A)

This makes it passible lo veplace S in (%)
with its Upper bound 0.25, thus obtaining
the Fonown'nj Fovmula For the chovce of N

N: 225 ’\+\n/e vsed thst 56‘25 8.025=2.25.

E xampPLE

We have an unfaiv corn.
The F-foloab\‘lfl:y to 3@,’6 head 15 P:o_:;_

Acsume thet we do not Know P, and we went o estimate it
from Ethe vesults of flipping the coin repeatedly.

[t A=0.01 be the (e;:]u(-feo\ accurscy for esl:n'mab\'ng P-

USt'nS Ewe s pproximabed formula For N, we have

2.25
N= = 22500

(0.04)?'



With this choice of N, we exPec(: that | on aversge,
no wove than 3 Eimes out of 1000 the estimste ,F\J

Shovld differ from Ehe tvue vslue P move than A.

We C,M.Fute M= 1000 estimabes {:; of P.

Each esbimate rs COMPUtQA Using I\J= 22500
observations of Ehe random exPer.'ment,

One. obsevvation consists of £ lippring the coin,

and vecording the vesult (hesd or tail).

The figure shows the histogrom of the M estimates.

All Yhe estimates QXC@P‘? one ace within Ehe interval

[p-4, p+n] = (062, 0.71],

N = 22500

140

120

-
o
(=]

number of samples in bin

0.685 0.69 0.695 0.7 0.705 0.71 0.715
estimated probability



