A stochastic Eimed gulomaton (E,X,F,P, Pxoli-:)
t\ransFO(mS Ehe sboc(nasbrc clack structure ]:
nbo Ehe PmF‘& of the event and state 5eqUeNces:

S tochastic — PF.«, PEa . ng, - -
F — Eimed
aUtbmatoﬂ > Pxo' PX»\, PXz) -

—ﬂﬂc basic brick & cavry ovkt this ta3k,, 15 the
mmf:utat\'on of Pmbab{)u'b{es of the type:

P(Ex=e | Xg1= %)

Twndeed, iF Ehese ?mbabn'h'bn'es are known, then
U5|'n5 the total Probab{h'ty rule,

L P(ze) = 7 P(Ecre] Xieaz o) P(Xuca= )

xeX
- P(XkF%') =2 P(xmle | Xu-'l:%) P(Xk-4=%)
HEX
T
P(Rez ¢! | Xia=2) = 2 P(Xiz o' | Xiea= 2, Eice) P(Ec=e lxk_,]m)

Cel(e) — —

JCALRY

=> Given Pxo, We compute Pg, 3ud px,
Then’ SiVen Pxa), we CDmPutE. PE2 and Px?_.

And so on... =>iterative appvoach




Formally,

p<€k,:€ } XK-4:%> - P<Ye,k-1 < min Ye":""')
e'el(x)

e'te

UnFortunsbely , Ehe distributions of the Vesidusl [ifetimes
are ynkvioww in Se«weral, iFwe O\nly assume Ene In.nowle,dse,

of the cuvrent state Hence,, P(gk:e) Xp-1= %) cannot be
cmeul:eA easily.

For this feason, o civcumvent the Prpb\em, ln the exevcises

we had to cons der sl the possible cases, sterting
From inibialization, which vesulbs inte o dvematic

Froh‘Fe(etion oF cases 95 l:\me_ e\/ent (naex k. Increases.

The c’uesb(o\q now 15 whether

Ehere exist classes of stochastic Eimed avtomsta
For whidh computbing P(En=e|Xyq=2¢) Is anessy Lask.

The snswer r's given by stochastic bimed avtomata with

PO\'sson clock structure .

DEFINITION - A Porsson clock structure is a slochastic
clock structure, F = 4  : 66\?,} where all Ehe distributions

Fe, are QXPOﬂentIQI) e forall ecl:

et .
']“-6 IFt>/O AQ,>O

0O obtherwise

l:e,(t) = {



MAIN RESULT
For a stochastic bimed sutomalon with Porsson clock,

structure  the vesidual I FeEimes oF an event heve
the sawme distribution as Ehe wovresponding total

Iy Fetiwmes.

Tn obther words: \/e,'\JExP(i) = Y"’MEXP()%Q>

.Skebdf\ of the FrooF (by |'nduct|'0n)

4) At imtialization (l»c-'-o):
Ye’o = V€,4 FO( 3” ee P(Xo>
Since, \/3‘4 ~ Ex’°(i> ) then Ye,,o ~ Exl::(fe>

=> The, 5tate\m3nt 15 true, FOr k/=0~

2> We assume Ehat Ehe statement is brve For k-1, and
We prove Ehst it s brue for k.

Case ab) Cvent e vsactivated ingtste Xy .
:> Ye,lc = ve’Ne’k_

Since, Ve,Nei,~ Ex]::(i) Cthen Ye k-~ Ex)::(/\ie>




Case 44) Event e “contines” instabe Xk .

Ev-q ExFe
l Ak-1 l Xk_
N >
e
e:" ! >
Ye,k.—’l |
Ye,lc

= Ye,k, = \(e,k.-'l q—\{(:
P(qu_\d:, Ye,k.-‘l>Yk.:> =
= P(Nejer~ Yo €€ Yepn> Vi)

-Aet
/_): P(Ye‘k-4-‘$€) =1- 2 / t>/0
Extended ’\
memoryless By induction

ploper Ly

Hence,l Ye, ko~ EXP(i)'

=>The statement 15 trve for k.

As a mnse;?uence of the mainvesult, Ehe ‘FO”owfnﬁ holds

Ne
/6o

P(Ew=e|Xwa=2) =

where, A() = 2. e \‘ We have a closed- form
e’e]_'(m.) FO(muia For P(Ek: e , Xk-q -_-%> ']



& ~Exp(3a)

v Exp(3) |
5uPerPOS| Eion
=> exp,d|5tr. with vate 2. Ae
eel(a)
etre
_ )\e, _ )\E
Ne + Z Ae! _/L(o(,)
e'enlx)
e+e
A
XLY )=z ——
Pxen= 320

with X~Exp (;4;‘) ) Y Exp( ;‘—‘), (ndependent

ExP\o{l:inS Ehe formula for P(Ex=e | Xk-122c) derived above,
we can apply the tevative spproach ‘Nlustyated at the
begining for the conputstion of Pg, and Px, -

Let ‘3,={4,2,.._,m} and X={’I,2,-..}n})

ond define the row vectors:

-ﬁE(k) = [ P(Ek,ﬂl) P(Ek,'—'Z,) o P(Ekg m‘)] elR’\Xm

TT (k,) f_-'. [ P(Xk.:/l) P(Xk.=2.) o P(Xk.:‘n)] 6|R'\Xh

X



Moveover, define the matbtrices:

BEY A2 Am |
A A T AG)
= i e i Am nxm
Fe=| A@ A 77 A | € R
)\1 )\Z ;\m
A A AWM
and
Pir Pre _ . Pam 1
2,4
Pxé P Pa 2 - . Pz,n c ]Rmm
L Pn',l P":Z - Pn,n
where P"”J D P(J
)

eelN)

Then we have:

=

Z P(E= J]Xk4—4,)
£31 =
Q )

J;“We"(tl:’)’ A 4-th entry
. entryn Pos‘\tion of Tf—x(K-’l)
(‘:JJ) of Pe
P(oduc,(: of Tix (k-1)

and Ehe )-th celumn of £



=> In mabrix Form: —Te(k-): I (k"') pE,

S larly ;

entry n Pos-ltlon

of Try (k) (£,5) of Py

Pfoduot of Tix (k-1)
avnd the :]—'Uf\ olumn of PX

=> L mabrix Form: ‘Tx(k): I (k1) px

Nobice that
7,0 = [ PXyen) Po=2) .. P(Xo=n)]

=[ PXo(") Pxo (2) ... PX.o (W)] => known

Tix (1) = Tx(0) Px
T (29 = T (1) P = Tx(0) P - P = Tix(0) P
Tr (3)= T (2)Px = T (0) Pr - P = Ti(o0) P

ond %0 on .



We e,as'n')y Fn‘ﬁure, ovt that:

T (k)= TP k=n,2,3,...

Moveover, from Trg (k) =TTy (k-1) Pe :

Tie (k) = T (o) PP kea,23,

=> COMFUt|.h5 PEk‘ 3nd leb boils down o
3 Prob)em of linear alse,bre
=> Only matrix computations

=> c,omlaul:abfonelly Veryemcﬂ'cie,nt!

STATE HOLPING TIME

DerinimioN - The state koldmj Eime V(5¢) Vs Ehe Eime,

Uqa(; the System remamns in 5taf:c e %

X# o l X=a l X=a l X=0¢ l X#ov
— _
V(oe)
(state holding bime instate o )

>

We want To compule the disteibution of V(o) For
a stochastic timed avtomaton wikh Poisson clock Structure



PRELIMINARY RESULT

Let X4, Xz, ., Xn, Xneq be independent, 1dentically distributed
random verisbles with Xi~Exp (% ) for all €=1,2,. n4a.

Then, for t>0:

n
P(X4+__-+Xn <&, Kato 4 Xy + Xoas >t) _ (M) ’e/-)\t

nh!

Recalling thet P(V(x)ét)i - P(\/('x) >t>; we start
from computing P(V(x)>t), for t>0.

HEA .l | o] | | l 92"+

@) £ )
] |

V()

»!

(%) we wiean no

PV >E ) =
Transition to a stabe

)
= P( no state trans Eion occurs over ( O,t]) e

—

P ( O [ho state Ersnsition t(isse(ed byevent e over (O,{:]] )
AANCY)

i

ee'(n)

= —IT P(ho state Ersnsition f_(igsered berenf &(3\)/&( (0,{:])

indepencknb (A) e

ARG




— 00
| | P U {evewt € oCcurs E’Xacﬁly n Eimes over (O,t],

eef'(») 0=0 it does not trigger 3 state trang; t{onp
. ® =)
= | | Z P(event e OCCuvrS exachly nEtimes over (O,t],
/ eel(®) n=o . _ .
lt doe.s ﬂOt tﬁSSe( Pa state, trans.' tlon)
d.'s\jomt
(O ) M (2 (- ()
e e e e
IR S :
S
Ve Ly L
Yeo © A
. | :
Yo i,
Yefnin)

<) )
Whe{e, P.( = 4,‘6,1'1 QcCcurvence, OFe\/ent e, anol Ye_(“
ks IfFe.t{me,

=> P(event e oCcurs exactly ntimes over (O,tD

P( \{e'(a) + __+ Ye(n) rd t‘ \(em +. __+ Ye""“" \(e(nwn >t)

(Net)' -t
= Z
n!
n tu'mes
oQ n
T (Peb) Xt ol
_ H Z e e P(%,"Qe ( Bernou)h scheme )
ee]"('n) n=o h! ———
T"‘"t;‘_/ Frob. to femain
e in state 2 when

occurs ntimes

over (o,t] event @ occurs



(0)

2 [ Ne P(xl'x e) t]

eef(n) h=o n'
(0) o o
7
g = nZ i,
— xet Xep(alrne)t o .
EET(n)

~e [1-plrlne)]t

TS
eel()
)\e, n|ne
= _e/ {QGZT‘-(?L) [JI P( | )J}
2. De[r- (n]me)
=) P(\/(o(,)('t)__ 1 -4, {661‘(9:.) J} ; tro
We have thus shown thst \/(%) has an e,XPonentiaf
d|.5tr,'but,-on with rate Z /\g[’l-'P(%I%,E’,)J
CeNlx)
Nol:fc,e, thal::
> P(x,lx e)=] = P(%\'Xe) + 2 P(ocl%e) /
%ex 9‘-*%
= /\—-P(oclot,e) = 2 P(oc'l%,e)
N'F 9L

2 Ael1-plodoe)) = 2. 2 Aeplaloe)

eenG) eel(n) x#a




EXAMPLE b

event | rate
Q Aa
b Mo
C Ac

The rste of Ehe QXPonentn'al distribution of V(1) is:

. => V() ) = /
Aa (1 P)‘i‘ Ab }E[ J e (’I-P)+ A
exPelchd
For V(2):
A+ A =  E(v@]= j
For V(2):
/

Ao+ M)+ e = V)] =
N - Ci)—‘- E(: :\ AQ+>\b(’I“T)+AC,



Po 550N PROCESSES

A Pofsson Process 15 the_ (;OthfnS ch&ﬁs OF av e\/ent
which (s slweys possible, and characterized by

intevevent Limeg that are:

- |‘ndePemde,nt

° l'denti-ce“)/dfstﬁ'bubed with an e)cpowenbial distribution.

The vote of Lhe exPonent.'a| distrbution 15 also called

the rabe of the Foisson plocess.

A Poisson plocess cen be Viewed as a stochastic Limed

subomebon with Farsson clock skruckure:
(82,1, §,9%,F)

where ‘2}{6} , X={O,4,213/--.S , Ehe stste

t(ansfl:{on di8arom is Wen b \
2 3en by Lhe state counts bhe number

of occurvences of event e

and F=§R] with @)= 1-27 | £0, A0,



Let
Ne(t,E+T) 2 # occurrences of event e over the interval (£,t4T]

N

t t+T

Ne(t,t-ﬂ') ‘s & discre te random veriable (:ak.'ns values
(N {0’4‘,2'--_} IE con be Shown that the PmF oF Ne(t,t-}fr)

has the following form:

"
P[Ne,(t,tﬂ'):ﬂ] - ﬂ'_ -Q/)\_r/ V)ro,fl,z’,_,

g“ Poisson distei bution with parame{:er XTI

The exPecte,d value of Ne(t,t+T) is
E[Ne(t,tsT)] = AT

Notice that the above formula does not depenol on the
time instant t, but only onthe iensth—l_ of the interval.

=> Tt is & consequence. of the memaryless property of Ehe

exponential drstri bution

° Consfdef, FO( QXSMPIQ,, P(I\Ie,(O,T):O)_

Ve,1



=> P(Ne(0T)=0) = P(Ver>T) = 1- Pl T)

- 4-’ (’l-,z-)\T):_Q;)\T

e Now consider P(Ne(b,tf\'):o) for E>0.
Sey we had k events e before time £ (ks unsPec.'ﬂuJ).

el»n e(z ) -e(i(- 1) 'el(k.)
b 1 i: T T l } >
. 9 | ; i ' £ T
’ [ t v \
Ve | L ! o !
Ve,Z, ' ' : E ?
1 : : :
] '

=> P(Ne(t,t+T)=0) =
I k
- P(g Ve + Ve e > C+T) g Ve + Ve e >t)

k
=P {Ve,km = (t—h-Z\/e'h)+T ! Ve, ke >J

= P (VG,K-M >T) =]- P(\/e,k“”' < T) ThisYandom vanable

/ 5 positive, because

eXtended _ y —/\T) _=AT 115 corditional tothe
WIEMoryIQSS a /I - ( -2 - "Q’ foct that kevents e
proper Ly occurred before £

—

AT
Hence, P(Ne(t,t+T) =0)= &~ independent of €30



In the FO”OWI'VIS, we w;'” omit £ in the notation OF ’\{e .

Ne(tft“‘—") - Ne,(T) fﬂdependent of €

Notice that P(Ne(T)=n) covresponds to the following
sample path:

1 2
E'/( )]

o

=

(2 l'v_»' ‘
el L

]
|

em e e e —— e J—
PR
v

1)
L

Ve 1

t
|
|
'
'
'
I
|

ve,n+/|

N+A

o> O p(e(ryzn) = P(ZVee <T, ZVee>T)
' 439 439

We have thus proven Ehe, Prelnifmnary result on [Bp
0{: Pase_ 3 . SIMPly POSQ, VE,4."_ X«.', 4/.:4,--} N+ 'and T'<—t

BYPRODUCT

Let X/l,Xz,- --,Xn,Xm—q be, fndepende,nt, [dentfca“y d:’stﬂ'buted
Yen dowm \/érl;ableﬁ with X.{, v EXP (-;IT ) ]tof a” 4;=4,2, -, N+
Then, for t>o0:

n
P(X4+_.-+Xn < t/ Xat. .+ Xn+xn+4 >t) ___: ()\t) -t

£

h!




E X AMPLE (C,Omputétt‘ons with Poisson Processes)

A ssume that event e 1o Senefabed by @ Poisson process

with rate A>0.

* Compube the P(obabflfby Ehst event e does not occur
over (0,T ], and occurs exactly once over (T, 27].

This pro babiliby corresPawds (o the Fo“o\m'ns sample Faﬁh :
g

' —

: —;-; -
e’ ow |
Ve, 1 : —
Ve,g_
/ P(T< Ve, < 2._]_} Ve, 1+ Ve, > ZT)
> P(...) =
+he two jatevrvals

\ USmB Poisson: / dre treated fndepenale/.{zl y
P(Ne(0;T)=0) P(Ne (T, 2T)=1)
- P(Ne(T)=0)P(NeCT)=1)= &7 (5T) & ™

. Compub?- the Proloab{lity that event e occurs o€ least bwice

over (O,T].
This pro babiliby corre spends fo the following sample path:
e e(g]
+ * l >
e: . T
Ve ol




Notice that, once we (mpose that the second event Occurs
before T/ then the condi bion is sat\'sF\'eo‘, and we don't Cale

about what happeﬂs next.

> P(..)= /

\ Using Foisson:
P(Ne(T)22)= 1- P(Ne(T)=0)- B(Ne(T)=1)

P(Ve,q*’\/e,e ‘<T)

AT -
= 1-2 o T

= 1= 7T (145T)

BY PRODUCT

Let Xa,Xa2 be independent, 1dentically distrbyted random
varables with Xi~Exp ($),4=1,2. Then, for t>0:

P(Xa+Xa <) = 1- (14 L)

Nobfce Unet, iF the oiue5b.'ow was:

A\Y

G)mPubQ_ the Probab{“ty that event e occurs exactly bwice
over (0,T] "

Ehen Ehe answey was:

/ P(Ve,q‘k\/e'Z{T/ \/e,/l +Vc,a+\/e’3>—r>
o) -

T)® AT
\ US\'VB PO\'SSOV): P( l\fe,(T) =2) = (AT 2




Userul RESULT

Assume Ehat event e 15 Senerete.d by o Porsson process
with rate A>0.

Moreover, assume Ehst, after itsoccurvence, event e
(s classfied of Lype 1 with probability g, and of type 2
with probability 4-g.

Then, the Porsson process genersting event e can be viewed
asthe, 5Uperposn‘bi0n of two independent Porsson processes,
one with vate Nq (genersbing eventse classified of type 1),

and Ehe obher with rate )\(4-(1) (genevating events e ¢ lassified
of (:)/Pe. 2).

event e, (Eype 1)
/ oR.

event e (Sener:'c) \
event e, (Eype 2)

e (Sene(fc)

l

0 .'
! Vs », €4 Occurs First
!

€q: * \

: v94 \ : > ]

| | R Ewo Poss|b|e cases
€a: & ’ |

! Ve?_ N\ ¥ €z occurs Firsk

| I

( o v

Ve

lifetime of event e



=> Lifetime of evente: Ve = min {VE." / Ve-zj

exp. distribubed exp. distributed
with ste )\q withrate A(/l-q)
superpostion ~_
independent
{l/
exp. disteibuted
wikh vete

>\q-\' )\(/I-q) =\ /



