E xgreise

Consider the stochastic timed automaton in the figure, where g = 2/5.

The initial state is uncertain, with pmf py (1) = % Px,(2) = 0, and px,(3) = % Lifetimes of
event a have a uniform distribution over the interval [6,9] min, while lifetimes of event b have an

exponential distribution with expected value 5 min.
1. Compute P(E2> = a).
2. Compute P(X9 = 3).
3. Compute the probability that event b occurs at least once over the interval [0, 10] min.

4. Compute the cdf of the state holding time in z = 2.

Stchastic clock strueture

4 _ _ 1
Vo U6,2), Vv Exp(s) -~ 35 A5

All the Iifetrmes are expressed in minuteg.

2 if 6cugs
60_ (u,): 3 Fdf: of \@4}
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otherwise,
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0 otherwise



1. CGompute P(Ez=a).
First, we hove to ideatfy all the sample Fdﬁlns such that gEzza}.

We con exclude sample paths star timg with {Xo=2] . since an(-’—)=0-

Erza Ea=

1) xorn X x,oq BEY
E4zb Ea=

2) onfl 1_> X4:3 2»
E4=Q Ea:Q

3) Xoz3 —> X424 ——»

4) Xo=3>E—>1:Q Xaz2 E—>2:Q

Then, we heve to compute the probsbility of cach sample path.

/l €‘|:Q Ea- Q
Xoz -
‘ 0=1 }‘ Xa=1 l N
o ;
i Vq,a ( :
: ‘ >
b Vb;" ': ' = P( l/a'Htiz < Vb,q)
. ‘ Va ’ = becovse {Vo,4+VQ,,_< Vb,q]
b- :I ' ' > fMPHeS ‘va'4< Vb};,l ,
: Vb,ll - vﬂ," bel‘ns \/q’2 >0.
= PA) = pr,(0)- pl1lia)- P(Vay< Vo Va2 < Vi 4= Va1
——
1
2 E'I:b E:q
Xo=1 l Xaz3 l R
G.ZE } >
P Vaa :
b Vi, :'
o' >




= P(&]) = puo)-p(311b)- P(Ver < Va,n)

9]
< Erzq Ex:a
Xoz3 l Xaz1 l .
* Va ﬂ '
O.'.l; Vq'g, >?
, & P
b Vb1
=> P() = 13,(0(3)- P(4 13a)- P (Vq,a < Vb,n)
e
9
4 Erzq E2a
Xoz3 l Xaz 2 l .
* Va ﬂ' :
O':i Va,z, ;
o 8 . >
o Vi1
= P( 4 ) = PXO(;\_.)- P(Z} 3a)- P (Vc:,,:z< Vb,a)
e
9

Finally
P(E2s0) = 2 P(E)

2 Prol) P(Va1+Va2<Viga)+ p, (1) P(Vin <Va) + Pro(3) P(Va2< Vb,



ReMaRK,

@WVPUtl'n_g a Pmloalo.'hty l'nvolvfnj Ewo ov more fandom variables
(e;iul'rcs the, evalvation of a MUH:IP]Q, t'nbes\ré].

T khe exam this computation is typléally nol feqdesteo,,

[\ Ehe second part of the course, we will see how (o evaluate
these probabilities numericslly.

For illustrative purposes only, the compubation of P(\/b,n <\/a,4)
15 shown vext.

P(vb.4<Va4) j/ »G (u-),éb(v)du.d'l)’

v “w N Va1 and Vo are (ndependant,

therefore Lherr joint pdf i
; 2. Jone p
A %(u'V)e'R ' ‘U<UL} the Producto{: the mafjfnal PdFs

_ The Prodvob %q(ut,)ﬁb(ﬂr)

IS Nonzero Only aver €he

o
/ \14, red re§ion.
Hence, Ehe mbegfal is o be
Cornpube.d only over
\\\ \ the blue -and-red regron,
N\ \\\ \ g /\\

NSNS Y 6 3 .
3w v y v_ou
P(VBa<Van)= f fi-1£5dudv- f‘_‘,; [~@5] dw
6 O 5 6 ©



2. Gompute P(X2:3)
Firsk, we heve to (detify all the senple pabhs such that 1xa=3},
As before, we cn exclude sample paths starting with {xo=2}.

E1za Ea-
D XozA 5 Xyz4 2ok X223
€1=Q E2=b

E =Q =
2 Xow3 5 Xa=2 Ez—b> X2=3

Then, we heve t5 compute the probsbility of each sanple path.

1 Erzq E2:b
Xo=1 l Xaz4 l X2:=% R
o ; Var >}| ‘
b: 5% ; N
. i Va,e, j "
b Vpa-Va,a

= PA) = pe ) pl142)- p(2la,b) P (Vo< Vo, Vo Vi 1< Vo 2)

&_,—-ﬂ\‘-—/w-_/

y 1
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Erza, E2:b
x = 2 -4
03 }“, Xaz1 l X2:3 .
o :
Va ' g
N . >
Ou.' tiz. E
b: >



= P(@) =pota pt1l3a) plaln ) PV, <Vo2)

\_—-—-‘,___J"'ﬁ'\f'_’

q 1

> Erza, Ea2:b

(

Xoz3 l Xaz 2 l X2:%
ot "

Va

i .
ot
i Va,e, :

b:

Vb1
= P(@E)= Pro(2) p(z]2a) p(3l2,b)- P(Ve<Vaz)
—
1 -c' A1
Fl'nally:
3
P()(;,_:_g,): Z. P()
= Pxo('l) P(Va,o < Vi< Vana +\/Q.a) + an (2) P(Vb"' <an>

Y 0.3%46
™~ Computeo\ numericelly with Matlab



.3- Q)VWPUte. Lhe, PfObabl.lllb)f thot event b occuvs at IESSt once.
over the intervs| [O,/IO] min.

TIf b were slways ]ooas{ble,, the answer wovld be trivia] :
P(VpasT)= R ()= 1-2 5 where =40 min.

Unfortunately, thisis not Ehe case, becouse event b /s not

possible instate 3,

On the other hand, event a s slwsys poss«'b]e,.

Therewcore, we have ia Prl'nofple, to consider all Lhe poss.'ble,

Sample paths with eveat b Freceded by an undetermined

number of events @, while imposing ot eveib b occurs

before Cime T

Luckily enough, since Var U(s,9), we can exploit the

fact that event Q& may Occur ot most once befove

Eime | =10min (l:he, second dccuvrente Connot be

before 6+6 =12 vm'n).

The Fossfble caeses ove Ehus Ehe Fo“OWt‘ns .

Eaz
A1 Xoz1 2»

,: €Er-
2| Xo=1 E;.; Xa=1 2—b>

+ meo.se, Lhat event b

3 Xo=3 E»;_:O;, Xa=4 Eﬂ", Qccurs beFOfe, time_r

Enz Ez=
7] Xoz3 X Xas2 —




We comPuto. the Probalofhfy of each case .

1 Ea=b
Xo=1
1 4 > ! g
& ; Vo, :‘ T
b >
Vi1

o ) i Pl Uy T)

2. Er=Q Exzb

Xo:/] l >(/|=4 |
: : : '
¢ ; Vo, ": i T

b: — : 4:‘

Vi1 :. :

43 ¢ . >
i Va2
: >!
\/b,a-Vo.,'\

= P(@) = P P(Var< Voa< Vaa+Vaz, Vi <T)

%) E1=Q Ez:b
X0:3 l X’f:/] |
L ) ' }
@ Vo, 4? \ T
a: ., = >
f Va. Lime ingtant
b > when eveat b occurs
Ve 1 2

— A
= P(@E]) = pel g P(Vor<Vaz, Vo Ve <T)




gi= — ' ' "
 Van : : T
Q: i - >
3 Va,. ]
b >
\/blq

P( 4 ) - Pxo(?))- (4-‘3')- P(Vb,4< Va.,z}\/a,a, +\/b,4< _r)

F\'r\any, ,
P(evenl: b occurs before T= 40) = Z P( A )
1431
~ 0.3046

DI computed numericelly withMatlab

4, The stabe holding time (5 the time Ehat the system

Yemalns in a 3:‘\/@(\ state.

Xt | Xeoo [ Mo | Yoo | Xaoo
(— P
V(o)
(Stebe holding Gime instate x)

>

We have o compube the cdfof V/(2).

We observe, that :
. the sysktem enters state 2 only from state 3

with event 0"; and in state 3 event b (s nok FOSS(b’&
=> instabe 2 khe lifetimes of both everbs are total [ifeLimes



o the Sysbem leaves state 2. when either of the
two events Occurs,
Hence, we. have:
V(2) = mn { Va, V|
fotal &(;otal
Iietime I'Febime.

ofeverta  ofeverthb

To compute the c3f of V(2), we start by Compubmj
P(\/(Z) >t)=P(min (Va, Vo] )
= P(Va>t,Virt) = P(Va>t)P(Vprt)
{h-nh ),\/o.,vb}>t} <=> % Va>t, Vb>t} indeperdent
= [1- R @®)][1-Fo®)]
= P(V(2)sk)= 1- P(V(2)>t) =4- [1-Fate)][1-Fo (£)]

Since

) t
to f t<e 1-2° 5 it 2o
= -6 - -
Fa(b)= 452 if 6<b<3 R it éco
1 ift>s
we have .
o |"F t<o
4_'2:% [F o<t <¢e
P(V(2)¢t)= . ggt_:z-t@ 1 6stgs
'F t>a

1



REMARK,

T state 1 we have:

V(1) = Yo

R~ tesidual |ife bime of event b

becouse the system leaves state 1 only with event b,
but when Ehe cystem enters state 1, event b sy have
3 vesidual lifetime from the previous stobe . Tndeed,

e Y= Vb-Va If the system arrives from state 2,

e Y= Vo if the sysbem avrives from stste 3.

ComPub,-ns P(v(1)<t) is therefore & non- Erivial task. . ..



Exercise 2

The figure represents the map of an office composed of four rooms, numbered from 1 to 4.

2 3 4 —» exit

entrance ———» 1

The time spent by an employee in a room has a uniform distribution between 16 and 30 min. When

the employee leaves a room, she takes one of the alternatives with equal probability.

1. Model the presence of the employee in the office using a stochastic timed automaton, starting
from when she enters the office at 8 AM.

2. Compute the probability that the employee visits all the rooms, before returning to any room

for the second time.

3. Compute again the previous probability, adding the constraint that all the rooms are visited
before 9 AM.

4. Compute the probability that the employee exits the office before 9 AM.



/1. Stochastic timed automaton (& X, P,F' o, F)
Events = { e }
The %P’O)(e'& leaves the cuvrrent room

State, 2¢ = #100vn wheve the employee is € {’l, 2, 3/4,5}

This valve fepresents
the fact that the evployee
1510 move 1 the Dffice,

~ -0
I I
NMENCIE

Notice that Lhere ere no events
In state & (=termina state)

Stachestic clock skructure: F= {Fel

O f t<16
VL~ U416 30) = Fe(t)=P(Vest)={ t-16 ¢ 16<t<30

- 4 ift>a0
The | Fetimes of event e
concide with state \qold.‘nS times



2 We first identify sl Lhe possible cases:

€ ‘
2 y Cq) » 4 €y > 3 €cq) 2

Second ) we conpute the probsbihi by of esch case:
P@)= 97 9= 9
P@)=9-99=9

= P(..)= P@)+P[@) = q"(q+r) = 0.0826

3 Let T=60win (l:(me, interval between 8 AM and BAM)_

The Fossf\ole cases are the same as before:

y / Ceqd 5 €3, o &) + add the corstrant
Ehat these, loaths

2] 4 &, 4 w1, o &0, , 3(60%’:1@,(:@&
before |

\/\/Q, c,o«npute, Ehe Proloabt']\ b)/ of each Case, USMS Sem,:le Fauns‘

€rqd €cr) ecq)
y a2 s e
0 a : B "
e ———» : «: T
Ve, e:! > :
| |
VE,Z__ e.‘ | 1

\e,2

P() - q A5 q ) P(Ve,fl"’ Ve,a+\/e'3< T)



z S l - l > l ° >
o | T
Ve,'\ e_:" > i

Ve,z. e: :
\é,3

P() - q ‘ Cf . ‘1 ' P(Ve,q-\— Ve, +Vea < T)

= P(..)= P(@) +P(@) = g7 (q+r) P(Ven+ Ve +Vea < T)
-—
~ 0.03%7 estimated using Matlab

~ 04050
4 \We votice thst, since the bime sPent in each voom has
a uni Farm distribution over [15,30] min, the employeeo

con Vst aE mosk Ehvee rooms and bhen exit before 3AM.

T‘qe, POSSl’b]Q, Ca5es are l‘,\nus {,\ne, FoHow(nj , Whe,fe, TEZGO min:

A y L, 4 €cqs g + add the constraint
Ehat these, patlns
ave conpleted

e
= 14— 5 XU, q XU, g beForePl—

We oomFute, the Pro\osbf'\ by of each case , USIng Safﬂple pat\ns.

€rqd €cqn
y 7l a4 | s { X
Q )
et : f T
Vel" [ ! ’;
Ve,z.

P()= 99 P(\/e,,.+ve'.,_<’]:) :.o'2

1




€cqd €rqd €cq)

2 : 1 l 3 l A l S =
: a "
¢ —» | !
Ve o >

PE)= 999 P(WertVeetVes< T)

= P(..)= P(@) +P(@) = §°+ 4> P(Ve+ Vero + Vs < T)

= 0.4150



